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Abstract
In this paper, we present a new type of electromagnetic memory. It is a
‘magnetic’ type, or B mode, radiation memory effect. Rather than a residual
velocity, we find a position displacement of a charged particle induced by the B
mode radiation with memory. We find two types of electromagnetic displacement
(ordinary and null). We also show that the null electromagnetic memory formulas
are nothing but a Fourier transformation of soft photon theorems.
1 Introduction
Gravitational waves are observed by geodesic deviation of nearby freely falling ob-
servers. An interesting of gravitational waves called ‘bursts with memory’ will induce
permanent relative displacement of nearby observers. Such effect is the well known
gravitational memory effect. It was first noticed by Zel’dovich and Polnarev [1] in the
study of scattering of stars in linearized gravity theory. The possible detection of grav-
itational memory effect was proposed in [2]. Soon afterwards, Christodoulou reported
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a non-linear memory effect based on a rigorous analysis of the asymptotic behavior of
gravitational fields [3]. However it got comments shortly that the non-linear memory is
basically the gravitational fields produced by the burst’s gravitons [4] (see also [5] for
further clarification).
Apart from the interest in gravitational wave experiments, the gravitational memory
effect obtains renewed attention in purely theoretical point of view recently. Strominger
and Zhiboedov [6] discovered a deep connection between gravitational memory effect
and Weinberg’s soft graviton theorem [7]. The gravitational memory formula is nothing
but the Fourier transformation of Weinberg’s formula for soft graviton production.
Moreover, accompanied with an earlier discovery [8], a triangular equivalence has been
found. The precise ingredients of the three corners are BMS super-translation [9],
Weinberg’s soft graviton theorem and gravitational memory effect.
Recent development in scattering amplitudes shows that the universal soft graviton
formula goes beyond Weinberg’s pole formula. It contains also next-to-leading orders in
the low-energy expansion (see [10] for a comprehensive discussion). If one believes the
triangular relation to be valid in general, the new universal soft graviton formula should
hint new gravitational memory which was proposed in [11]. The new gravitational
memory is a spin memory effect. It will induce a relative time delay between orbiting
light rays. The spin memory effect was confirmed in post-Newtonian approximation
very recently [12].
As a theory with gauge invariance, electromagnetism often provides some simpler
analogues of gravitational effects. This also happens in memory effect. Bieri and Garfin-
kle found an electromagnetic analogue of gravitational memory effect [13]. In analogy
with the gravitational wave memory where two memory effects exist, namely linear and
non-linear (or, ordinary and null) effects, they also found two types of electromagnetic
memory (ordinary and null). The electromagnetic radiation with memory will cause
a change of the velocity (a ‘kick’) of a charged particle. An experimental proposal to
detect the electromagnetic memory effect was suggested by Susskind in [14] recently.
On the other hand, the triangular relation in gravitational theory starts to emerge in
electromagnetic theory with certain adaption. The leading soft photon theorem was
identified as the Ward identity of large U(1) gauge transformation [15]. The equiva-
lence between ‘kick’ memory formula and the formula of leading soft photon theorem
was also noticed in [16]. It is known long time ago that the universal properties of
soft photon theorem go through the next-to-leading order in the low-energy expan-
sion [17]. Correspondingly, a new electromagnetic memory seems to exist according to
their counterpart in gravitational theory1. This is precisely what we will confirm in this
paper.
We find a new type of electromagnetic memory. The new electromagnetic memory
also includes the ordinary and null effects. It is a magnetic type of radiation memory
and will cause a position displacement of a charged particle. Interestingly, the new
1An analysis on the possible memory effect associated to sub-leading soft photon theorem was also
suggested by Strominger in a very recent lecture note [18].
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memory effect has the same formula as the Aharonov-Bohm effect [19]. It might be
considered as an indication of this quantum mechanical phenomenon at the classical
level. We further demonstrate the equivalence of the null displacement electromagnetic
memory formula and the formula of sub-leading soft photon theorem. The new memory
formula is just a Fourier transformation of the sub-leading soft factor.
The plan of this paper is quite simple. In next section, we will derive the formula
of the new displacement electromagnetic memory after a short review of ‘kick’ memory
effect. Section 3 will present the connections between electromagnetic memory effects
and soft photon theorems. Some comments on future directions will be given in the
discussion section. There is also an appendix on the current of a collection of charged
particles.
2 Electromagnetic memory effect
We begin with a revisit on the general solutions of electromagnetic theory far from
the source in Minkowski space-time. The retarded coordinates are applied which will
only cover the future null infinity. However everything can be similarly repeated on the
past null infinity in the advanced coordinates. The retarded spherical coordinates are
connected to the Cartesian coordinates as follows:
u = t− r, r =
√
xixi, x
1 + ix2 =
2rz
1 + zz¯
, x3 = r
1− zz¯
1 + zz¯
. (1)
The metric is
ds2 = −du2 − 2du dr + 2r2γzz¯dzdz¯, γzz¯ = 2
(1 + zz¯)2
. (2)
The non-zero Christoffel symbols associated to (2) are
Γuzz¯ = rγzz¯ , Γ
r
zz¯ = −rγzz¯ , Γzrz =
1
r
, Γzzz = ∂ ln γzz¯ . (3)
We will work in the radial gauge A+r = 0
2. Once the asymptotic behavior of the gauge
fields Aµ and the conserved current jµ are specified in the following way [20]
3
A+u =
A+0u (u, z, z¯)
r
+O(r−2),
A+z = A
+0
z (u, z, z¯) +
A+1z (u, z, z¯)
r
+O(r−2),
j+u =
j+0u (u, z, z¯)
r2
+O(r−3),
j+r = O(r−4),
j+z =
j+0z (u, z, z¯)
r2
+O(r−3),
(4)
2The plus sign denotes the fields at future null infinity.
3We have eliminated the Coulomb field of a moving charge which is not needed for our radiation
memory investigation.
3
which defines an isolated electromagnetic system, the Maxwell’s equations ∇νF µν =
4πjµ yield [21]4
∂uA
+0
u = γ
−1
zz¯ ∂u(∂zA
+0
z¯ + ∂z¯A
+0
z )− 4πj+0u , (5)
2∂uA
+1
z = ∂zA
+0
u + ∂z[γ
−1
zz¯ (∂zA
+0
z¯ − ∂z¯A+0z )]− 4πj+0z . (6)
As we will see later, (5) and (6) will completely determine the ‘kick’ memory effect and
the new (displacement) memory effect.
2.1 ‘Kick’ memory effect
The ‘kick’ memory effect was discovered by Bieri and Garfinkle in [13] (see also [20]).
Here we review the E mode memory effect for which we can set A+0z(z¯) = ∂z(z¯)α(u, z, z¯).
Inserting this into (5) leads to
DAD
Aδα = δA+0u + 4π
∫
∞
−∞
du j+0u , (7)
where we have used the notation
δF (z, z¯) = F (u, z, z¯)|u=∞ − F (u, z, z¯)|u=−∞,
and DA is the spherical covariant derivative. The angular part of the electric fields are
Ez(z¯) = Fz(z¯)u. They are related to the memory formula as
∫
∞
−∞
duE0z(z¯) = −∂z(z¯)δα, (8)
where E0z(z¯) is the leading order of Ez(z¯) in
1
r
. From the standard analysis of the motion
of a charged particle in the presence of electric fields, (8) will leave a residual velocity
to the charged particle (a ‘kick’) [13]. Following the terminology of Bieri and Garfinkle,
the first term on the right hand side of (7) is called ordinary ‘kick’ and the second one
induces a null ‘kick’.
2.2 Displacement memory effect
For the B mode part where we can set A+0z = i∂zβ(u, z, z¯) and A
+0
z¯ = −i∂z¯β(u, z, z¯),
it was proven that β = 0 at u = ±∞ in the case of physically realistic source [20].
Obviously ∆β = 0, which means no B mode ‘kick’ memory though it is mathematically
possible. Alternatively we will propose a new type of memory which is defined as
δΓ =
∫
∞
−∞
du β. (9)
4In [21], jr was set to be zero by the ambiguity of a conserved current. It is easy to find that (5)
and (6) are still true when jr = O(r−4).
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In terms of the electric fields, one will get
∫
∞
−∞
du
∫ u
−∞
du′E0z = −i∂zδΓ,∫
∞
−∞
du
∫ u
−∞
du′E0z¯ = i∂z¯δΓ.
(10)
Considering a very slowly moving charged particle, the electric field dominates the
motion of the charged particle. Hence the new memory effect (10) with one more
integration over u than the ‘kick’ memory effect (8) will be a displacement of the
charged particle. By applying (6), the new memory formula can be arranged into a
nicer way:
iDAD
ADBD
BδΓ = 2γ−1zz¯ δ(∂zA
+1
z¯ − ∂z¯A+1z ) + 4πγ−1zz¯
∫
∞
−∞
du (∂zj
+0
z¯ − ∂z¯j+0z ). (11)
According to the terminology of the ‘kick’ memory, we will refer to the first term
on the right hand side of (11) as ordinary displacement and the second one as null
displacement.
This new memory formula has a close relation to the formula of the Aharonov-Bohm
effect [19]. To see that concretely, let us consider a circle C at the future null infinity
and define
P =
e
τ
∮
C
(
A+0z dz + A
+0
z¯ dz¯
)
, (12)
where τ and e are respectively the period and the electric charge of the circular motion
detector. So P measures the rate of the phase change of a detector. Suppose τ is very
small, the total phase shift will be essentially determined by the new memory effect as
follow ∫
∞
−∞
duP = i
e
τ
∮
C
(∂zδΓdz − ∂z¯δΓdz¯) . (13)
2.3 Antipodal identification
We can perform a similar analysis to get the memory formula near the past null infinity.
There, the advanced coordinates
v = t+ r, r =
√
xixi, x
1 + ix2 =
2rz
1 + zz¯
, x3 = r
1− zz¯
1 + zz¯
, (14)
are needed which leads the metric to the following way:
ds2 = −dv2 + 2dv dr + 2r2γzz¯dzdz¯. (15)
The analogues of (5) and (6) near past null infinity are
∂vA
−0
v = −γ−1zz¯ ∂v(∂zA−0z¯ + ∂z¯A−0z ) + 4πj−0v , (16)
2∂vA
−1
z = ∂zA
−0
v − ∂z[γ−1zz¯ (∂zA−0z¯ − ∂z¯A−0z )] + 4πj−0z . (17)
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The scattering problem involves both ingoing data at past null infinity I− and out-
going data at future null infinity I+. Hence a canonical identification between the far
past of I+ and the far future of I− will be crucial in order to compare the memory
formulas to the formulas of soft photon theorems in scattering process. Such identifi-
cation was given for electromagnetic theory in [15,22]. According to their argument, it
is natural to require
A+z(z¯)(u→ −∞) = A−z(z¯)(v →∞). (18)
With this identification and the help of (5)-(6) and (16)-(17), one can derive the total
null memory formulas as56
4π γzz¯(
∫
∞
−∞
du j+0u +
∫
∞
−∞
dv j−0v ) = ∂z∆Az¯ + ∂z¯∆Az, (19)
and7
2π Im(
∫
∞
−∞
du ∂z¯j
+0
z +
∫
∞
−∞
dv ∂z¯j
−0
z ) = ∂z∂z¯ Im(γ
−1
zz¯ ∂z∆Az¯), (20)
where
∆Az(z¯) = A
+0
z(z¯)(u→ +∞)− A−0z(z¯)(v → −∞),
∆Az(z¯) =
∫
∞
−∞
duA+0z(z¯) +
∫
∞
−∞
dv A−0z(z¯).
We will show in the next section that the total null memory formulas (19) and (20)
are nothing but the Fourier transformation of the formulas of leading and sub-leading
soft photon theorems when the current of a collection of charged particles (46)-(49) is
inserted.
3 Equivalence to soft photon theorem
The fascinating connection between memory formula and soft theorem formula was
first discovered by Strominger and Zhiboedov [6]. They found that the displacement
gravitational memory formula is equivalent to Weinberg’s formula for soft graviton
emission [7]. Inspired by the new universal properties of soft graviton emission at
the sub-leading order in the low-energy expansion [10] (see also [23] for earlier, more
restricted, versions), a new gravitational memory was discovered in [11]. The new
memory affects orbiting objects and it is called the spin memory effect. The spin
memory formula was shown to be equivalent to the formula of sub-leading soft graviton
theorem. In this section, we will illustrate the ‘kick’ and displacement memory formulas
5We have taken the convention of all legs outgoing.
6Since we only consider null memory, A+0u |u→+∞ = A−0v |v→−∞ = 0 and A+1z |u→+∞ = A−1z |v→−∞ =
0 should be noticed.
7One should notice that only imaginary part was involved in the definition of the new memory
formula (9) and (11).
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in electromagnetic theory are respectively equivalent to the formula of leading and sub-
leading soft photon theorems respectively.
Soft photon theorem [17] (see also [7]) states that: In the process of n → m + 1
scattering where the +1 is a photon with very low energy (becoming soft), the tree-level
scattering amplitudes have universal properties at leading and sub-leading order in a
low-energy expansion:
Mn+m+1
(
p1, . . . , pn,
{
q; ǫ±
})
=
(
1
ω
S(0)± + S(1)±
)
Mn+m(p1, . . . , pn) +O
(
ω1
)
, (21)
where
S(0)± = ω
n+m∑
k=1
ek
pk · ǫ±
pk · q (22)
and
S(1)± =
n+m∑
k=1
ek
qµǫ
±
ν J
µν
k
pk · q . (23)
Jµν is angular momentum operator, ω = q0 and ǫ± are respectively the energy and
polarization vector of the soft photon8.
We would like to understand a classical result as a limiting case of quantum result.
A well known example is that the quantum calculation recovers the classical result
of the radiated energy in the soft bremsstrahlung process [24]. With such concept
in mind, the key observation to see the equivalence between soft photon theorems
and electromagnetic memory effects [6, 11, 16] is to consider the soft factors as the
expectation value of asymptotic fields fluctuation:
S(0)± = lim
ω→0
ω
M±n+m+1
Mn+m
, (24)
S(1)± = lim
ω→0
∂ω
(
ω
M±n+m+1
Mn+m
)
. (25)
Then the expectation value of asymptotic fields fluctuation with soft photon emission
is simply related to the change of classical fields under large-r stationary phase approx-
imation [6, 8, 11, 16, 25] as
∆Aµǫ
µ± = S(0)±, ∆Aµǫµ± = S(1)±. (26)
Hence9
∆Az = ǫ
∗+
z S
(0)+ + ǫ∗−z S
(0)−, (27)
∆Az = ǫ∗+z S(1)+ + ǫ∗−z S(1)−, (28)
where ǫ∗ is the complex conjugate of the polarization vector while the orthogonality
condition ǫ+µ ǫ
µ+ = ǫ−µ ǫ
µ− = 0 and the normalization condition ǫ+µ ǫ
∗µ+ = ǫ−µ ǫ
∗µ− = 1 of
the polarization vector have been used.
8Here the plus and minus sign denote the helicity of the soft photon. One should not confuse with
the ones denoting fields at different null infinities in the previous section.
9Compared to [16], the pre-factor − e
4pi
is missing as we took a different convention in defining the
current of charged particles (45).
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3.1 Leading order
The null momenta by their energy and direction on the sphere in the Cartesian frame
can be parametrized as [8, 15]
p
µ
k = Ek
(
1,
wk + w¯k
1 + wkw¯k
, i
w¯k − wk
1 + wkw¯k
,
1− wkw¯k
1 + wkw¯k
)
, (29)
qµ = ωq
(
1,
w + w¯
1 + ww¯
, i
w¯ − w
1 + ww¯
,
1− ww¯
1 + ww¯
)
. (30)
Similarly one can parametrize polarization vectors as
ǫµ−(q) =
1√
2
(w¯, 1,−i,−w¯) ,
ǫµ+(q) =
1√
2
(w, 1, i,−w) .
(31)
Project the polarization vectors onto the sphere
ǫ+w(q) =
√
2
1 + ww¯
, ǫ+w¯(q) = 0 ,
ǫ−w(q) = 0 , ǫ
−
w¯(q) =
√
2
1 + ww¯
.
(32)
by using ǫαw(w¯) =
1
r
∂w(w¯)x
µǫαµ. With all those ingredients, we are ready to concrete the
equivalence.
In the asymptotic position space, the leading soft factor reads:
S(0)+ =
m+n∑
k=1
ek√
2
1 + ww¯
w¯ − w¯k , S
(0)− =
m+n∑
k=1
ek√
2
1 + ww¯
w − wk . (33)
Inserting those quantities into (27) (recall the complex conjugate), one gets
∆Aw =
m+n∑
k=1
ek
1
w − wk , ∆Aw¯ =
m+n∑
k=1
ek
1
w¯ − w¯k . (34)
Acting with ∂w¯(w) on ∆Aw(w¯) and considering the real part, we get
10
∂w¯∆Aw + ∂w∆Aw¯ = 4π
m+n∑
k=1
ek δ
2(w − wk), (35)
which recovers precisely the result of inserting (46) and (48) into the memory formula
(19).
10The relation ∂z
1
z¯−z¯k
= 2piδ2(z − zk) should be understood.
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3.2 Sub-leading order
In the asymptotic position space, the sub-leading soft factor is:
S(1)+ =
m+n∑
k=1
ek√
2
b3k(1− ww¯k)− ib2k(w − w¯k) + b1k(w + w¯k)
w¯ − w¯k , (36)
S(1)− =
m+n∑
k=1
ek√
2
b3k(1− w¯wk)+ib2k(w¯ − wk) + b1k(w¯ + wk)
w − wk , (37)
where one needs to identify the angular momentum operator to the angular momentum
of a collection of particles (42). From (28), one gets
∆Aw =
m+n∑
k=1
ek
b3k(1− w¯wk)− ib2k(w¯ − wk) + b1k(w¯ + wk)
(1 + ww¯)(w − wk) , (38)
∆Aw¯ =
m+n∑
k=1
ek
b3k(1− ww¯k)+ib2k(w − w¯k) + b1k(w + w¯k)
(1 + ww¯)(w¯ − w¯k) . (39)
Acting with ∂w(w¯)∂w¯(w)
(
γ−1ww¯∂w(w¯)
)
on ∆Aw¯(w) and taking the imaginary part, one ob-
tains11
Im ∂w∂w¯(γ
−1
ww¯∂w∆Aw¯) = π Im
m+n∑
k=1
ek
[
b1k(1− w¯2k)− ib2k(1 + w¯2k)− 2b3kw¯k
]
∂w¯δ
2(w − wk), (40)
which gives exactly the same expression as injecting (47) and (49) into (20).
4 Discussions
In this work, we have proposed a new electromagnetic memory. The new memory
effect is a displacement of a charged particle. Hence the possible detection of this
effect should be much simpler than the detection of the ‘kick’ electromagnetic mem-
ory suggested in [14]. There are two types of displacement electromagnetic memory,
namely the ordinary and null displacement which are generated by massive and mass-
less charged matters respectively. We have shown precisely the equivalence between the
null electromagnetic memory formulas (‘kick’ memory and displacement memory) and
the soft photon theorems (leading and sub-leading soft photon theorems). The formers
are nothing but a Fourier transformation of the laters.
The displacement memory effect is a magnetic type, or B mode, radiation memory.
Remarkably a careful analysis shows that the new gravitational memory proposed in [11]
is also magnetic type though the displacement gravitational memory can not be derived
11The relation wδ2(w − wk) = wkδ2(w − wk) will be used.
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in purely asymptotic argument [20]. An interesting result of [10] is that the soft graviton
theorems go through the third order in the low-energy expansion. It is very curious to
ask if there should be a third gravitational memory. A recent investigation on linearized
gravity theory [26] gives positive hint on the possibility of a third gravitational memory
effect. It would be very meaningful to derive the concrete formulas elsewhere [27].
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A Massless charged particle current
We will present the current of a collection of charged particles which is needed for
computing the memories. The trajectory of massless point particle is [11]
xµ(τ) =
pµ
E
τ + bµ, (41)
where bµ = (0, bi) = xµ(0) is the particle trajectory relative to the space-time origin.
The orbital angular momentum of this particle is
Lµν = bµpν − bνpµ. (42)
For simplicity, we will consider particle without intrinsic spin. However the way to
include intrinsic spin is straightforward. The asymptotic behavior of the trajectory at
large τ in retarded coordinates (1) is as follows
r(τ)=
√
xixi = τ +
pµ
E2
Luµ +O(τ−1),
u(τ)= t−
√
xixi = − p
µ
E2
Luµ +O(τ−1),
z(τ)=
√
xixi − x3
x1 − ix2 =
p1 + ip2
E + p3
+
Luz¯(z, z¯)
Eτγzz¯
+O(τ−2),
(43)
where
Luz¯(z, z¯) ≡ lim
r→∞
1
r
∂xµ
∂u
∂xν
∂z¯
Lµν
=
b1(1− z2) + ib2(1 + z2)− 2b3z
(1 + zz¯)2
E.
(44)
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The current of the point particle is defined as
jµ(yρ) = − e
∫
dτ x˙µ
δ4(yρ − xρ(τ))√−g , (45)
where e is the charge of the particle. For a collection of free point particles, one just
needs to sum over. The asymptotic behavior of current is
lim
r→∞
r2ju =
∑
k
ek δ(u− uk)δ
2(z − zk)
γzz¯
, (46)
lim
r→∞
r2jz =
∑
k
ek
Ek
δ(u− uk)Luzk(zk, z¯k)
δ2(z − zk)
γzz¯
, (47)
and jr = O(r−4).
Similarly, one obtains (recall the convention of all legs outgoing)
lim
r→∞
r2jv =
∑
k
ek δ(v − vk)δ
2(z − zk)
γzz¯
, (48)
lim
r→∞
r2jz =
∑
k
ek
Ek
δ(v − vk)Luzk(zk, z¯k)
δ2(z − zk)
γzz¯
, (49)
and jr = O(r−4) in advanced coordinates.
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